Strong global correlations in the systems of coupled chaotic map lattices based on a modied logistic map are investigated. It is shown that, in the parameter range close to the edge of chaos as dened for an individual map, the systems exhibit o-diagonal long-range order and single-particle reduced density matrices dened in a natural way possess one strongly dominant eigenvalue. In addition, pattern formation [13] in the above systems has been investigated.
Introduction
Coupled map lattices (CMLs) [1, 2] , that is systems of coupled maps which simulate spatially extended non--linear systems, have long become a useful tool to investigate spatiotemporal chaos and other non-linear phenomena [36] . Several CMLs have found interesting applications in physical modeling. One should mention here CMLs developed to describe the RayleighBenard convection [7] , dynamics of boiling [8, 9] , formation and dynamics of clouds [10] , crystal growth processes and hydrodynamics of two-dimensional ows [11] .
In our previous work [12] we have argued that CMLs based on the ubiquitous logistic map exhibit properties which are characteristic for the BoseEinstein condensate. We have done this by describing CMLs with the help of a variable interpreted as a classical eld dened on discrete space-time. This has allowed us to dene the single-particle reduced density matrix in a natural way.
That latter quantity enables one to give precise quantitative meaning to the terms correlations, coherence and long-range order which are often loosely attributed to the spatially extended classical systems. It has turned out that CMLs based on the logistic map exhibit, for a broad range of parameters, o-diagonal long-range order. What is more, there exists one dominant eigenvalue of the reduced density matrix as well as a single dominant mode in the Fourier transform of the eld describing CML. It is to be noted that the CMLs cannot of course be called condensates, rst of all because they are merely somewhat remote models of reality, and not physical systems. In addition, in those models there are no natural rst integrals like the energy or the number of particles.
Therefore, we say that CMLs exhibit condensate-like behavior.
Needless to say, the subject requires further investigations. One natural path to follow is checking for * corresponding author; e-mail: mjanow@ifpan.edu.pl the condensate-like behavior (or, more generally, strong global correlations and coherence) of some other, similar systems. It is the purpose of this work to present some results for CMLs based on modied logistic map such that every individual map can take negative values. In addition, we provide some results concerning pattern formation in the above CMLs for we believe that the subject is very far from being exhausted in spite of the existence of already classic papers on the subject by Kapral and Kaneko [5, 6, 11] .
Our analysis is in the spirit of classical eld theory, especially the GrossPitaevskii equation which is very extensively used in the theory of BoseEinstein condensation [14, 15] . Applications of the classical eld-theoretical methods in the physics of condensates have been described, e.g., in [1618] .
The main body of this work is organized as follows. 
The model
We consider a classical eld ψ(x, y, t) dened on a two--dimensional spatial lattice. Its evolution in (dimensionless, discrete) time t is given by the following equation:
where the function f is given by 
Thus,ψ may be interpreted as the momentum representation of the eld ψ.
Below we investigate the relation between a CML described by Eq. (1) and a BoseEinstein condensate.
Therefore, let us invoke the basic characteristics of the latter which are so important that they actually form a part of its modern denition. These are [15, 19, 20 ]:
1. The presence of one eigenvalue of the one-particle reduced density matrix which is much larger than all other eigenvalues.
The presence of o-diagonal long-range order (ODLRO).
The property (1) corresponds to the well-known intuitive denition of the BoseEinstein condensate. Taking into account that the following decomposition of the one--particle reduced density matrix ρ
(1) has the following decomposition eigenvalues λ j and eigenvectors |ϕ j ⟩:
we can realize that if one of the eigenvalues is much larger than the rest, then the majority or at least a substantial fraction of particles is in the same single-particle quantum state.
In addition, for an idealized system of the Bose particles with periodic boundary conditions and without external potential, the following signature of condensation is also to be noticed:
3. The population of the zero-momentum mode is much larger than population of all other modes.
The properties (1) and (2) acquire quantitative meaning only if the one-particle reduced density matrix is dened. Since our model is purely classical, the denition of that density matrix is not obvious. We can use, however, the classical-eld approach to the theory of Bose Einstein condensation [17, 21] and dene the quantities:
and
We shall call the quantity ρ(x, x ′ ) the reduced density matrix of CML. The above denition in terms of an averaged quadratic form made of ψ seems quite natural, especially because ρ is a real symmetric, positive-denite matrix with the trace equal to 1. The sharp brackets ⟨. . .⟩ t denote the time averaging
where T is the total simulation time and T s is the averaging time. In our numerical experiments T has been equal to 3000, and T s has been chosen to be equal to 1000. Let W be the largest eigenvalue of ρ. We will say that CML is in a condensed state if W is signicantly larger than all other eigenvalues of ρ. If this is the case, the system possesses property (1) of the BoseEinstein condensates.
Further, we can provide the quantitative meaning to the concept of ODLRO by saying that it is present in the system if
does not go to zero with increasing x [20] for any x 1 . If this is the case, the system possesses the basic property (2) of the BoseEinstein condensates.
For technical convenience, namely, to avoid dealing with too large matrices, the above denition of the reduced density matrix involves not only temporal, but also spatial averaging over y. Let us notice that we might equally well consider averaging over x without any qualitative change in the results. Tables I and II . Firstly, the system exhibits one eigenvalue of the reduced density matrix which is much larger than all other eigenvalues for all values of a and d and both types of initial conditions. This is especially well visible for a = 1.5, but for larger a it is still true the largest eigenvalue is at least three times bigger than the remaining ones. This is one of the most important features of the Bose-condensed matter, as explained in Sect. 2. Our system clearly has the property (2) of BEC. Secondly, unlike for the case investigated in [12] , there is no trace here of the quasi-condensation, that is the presence of two or more eigenvalues close to each other. This property is perhaps somewhat astonishing because our f (ψ) appears to be only a slight modication of f (ψ) employed in [12] .
Once the reduced density matrix ρ is dened and its eigenvalues calculated, it is also possible to analyze the coherence properties of the model with the help of von Neumann's entropy. It can be dened as:
where λ j are the eigenvalues of ρ, the summation runs over all eigenvalues, and the constant prefactor is set to 1 for convenience. The minimal value of S is zero this may happen for a fully condensed system, while the maximal value appears for all λ j equal, that is, in our case, to log 2 N = 8. While the values of the above one-particle correlation function for x = 0 and x = N/2 must be equal due to the boundary conditions, a strong decrease of σ(x) for x being far from 0 or N/2 would have to take place if there were no long-range order. However, σ(x) never falls below the 90% of its value for x = 0. In fact, the change of σ with x reduces itself to very small uctuations. We can conclude that our system exhibits the property (2) of the BoseEinstein condensates.
One may say that the correlation length in our CML is virtually innite, which is again a characteristic feature of the strongly condensed physical systems.
To make our case of pointing out the CML resemblance to the Bose condensates even stronger, we have checked the behavior of the eld ψ in momentum space. In The critical point in any further development is, naturally, nding a physical system which could be approximated by the coupled logistic map lattices. It seems that one candidate to consider is a system of coupled lasers with periodic turning on and o of the pump. Work is in progress to provide more substance to the above remark.
